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1 Hamiltonian Analysis of The Second Order

Lagrangians
1.1 Jacobi-Ostrogradsky momenta
L[X] = L(X, X, X) 2. dereceden bir Langrangian density fonksiyonudur. Fonksiyonel

diferansiyeli alindiginda Euler lagrenge ve bir tam tiirevin toplami olarak yazilabilir. Ilk énce

ikinci dereceden Lagrangian i¢in Euler-Lagrange denklemini ¢ikaralim
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0g = 5(%q) (6q) ve 04 = 6dtq = dt(éq) esitliklerini kullanip 2. ve 3. terim i¢in integration
by parts kullanalim.
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2. integralde u = ‘gL ise du = 4 (9L )dt ve v = dq ise dv = £(dg)dt integration by parts

kullanirsak. integral digina glkan ifadeler uglarda varyasyon 0 olugundan yok olur.
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Sagdaki integral icin: u = ?)_5 ise du = dt%g—g ve v = 4q ise dv = dt%éq (uglarda varyasyon 0

oldugundan integral digina ¢ikan kismi yazmiyorum.)
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Sagdaki integral icin tekrar integration by parts yaparsak. u = %‘g—g ise du = dt%g—; ve
v = dq iken dv = dt%éq
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Boylece Euler- Lagrange denklemi elde edilir.
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d(L[X]dt) = g—)L{dX + S—f.(d)‘( + %d}'{' = &, (L[X]).dX + %QL[I] (10)
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Sol tarafi da tam tiirev haline getirirsek 6, i bulabiliriz. (Carpim tiirevini kullanarak)
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Boylece Lagrangian 1-form :

0,[X] = P°[X].dX + P'[X].dX

1.2 Reparametrization Invariant Lagrangians
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Simdi 2. dereceden Lagrangian’a sahip sistemin enerjisini bulalim. Bunun i¢in Lagrangian’ in

zamana gore tiirevini alip Euler-Lagrange denklemini kullanacagiz, korunan nicelik de enerji

olacak.
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Ilk ifade icin Euler lagrange kullanirsak:
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Yine sagdaki ifadeyi carpim tiirevi olarak yazabiliriz.
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Bu sabit enerji olarak tanimlanir.
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Momentumlar cinsinden yazarsak
Er[X]= X P[X]+ X - P'[X] - L[X] (29)

Tersten gidip Enerjinin zamana gore tiirevini alalim ve hareket sabiti mi degil mi gorelim.
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X 11 terimleri gotiiriip parantezleri acarsak.
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Simdi Lagrangian’ in reparametrizasyon altinda invariant oldugunu gosterelim. Yeni
3 J— fry ﬁ = @ f— ﬁ
parametrizasyont = 7(t) ve A= o, v = 90 = 5

agsagidaki denklemi sagliyorsa Lagrangian reparametrizasyon invarianttir.

olsun. Ikinci dereceden Lagrangian

AL(X, X, X) = L(X,\X, \2X + vX) (35)

A =1 ve v = 0 egitlik saglanmakta. O zaman (35) 'in A ve v ye gore tiirevlerini alip

(A, v) = (1,0) da incelersek infinitesimal invariance sartlarin elde ederiz.

_OLOX AL ONX 0L IV +vX) (36)
S OX N 9AX 0N AN X +vX) OX
L= % + oL o\ (37)
OANX O(N2X +1vX)
A =1 ve v = 0 kullanilarak ilk sart elde edilir.
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v ye gore tirev aldip ayni1 noktada inceledigimizde sadece en sondaki terim kalacagindan ve
sol tarafin v ye gore tiirevi 0 oldugundan:

OL ONX +vX) 5. 0L

O(N2X +vX) v 0X
Boylece Zermelo sartlari elde edilir.
L:X-a—L.Jer-@—?,X.a—?:o (40)
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Simdi momentum tanimlarini ve bu gartlar1 kullanarak Lagrangian’ in momentumlar
cinsinden ifadesini bulalim. Bunun i¢in momentumlarin tiirevlerini ve toplamlarini

inceleyelim.

oL d oL ddL dL

] X1 0X ditgx dtoxX 00X (41
Denklem (40) ’daki ilk sartin yerine koyarsak
L=X-(P°[X]+ P'[X])+2X - P'[X] (42)



Denklem (40) " ikinci sartindan biliyoruz ki X - P1[X] = X - % = 0 bu esitligi de
kullanmak icin tiirevine bakalim:

d . d{. 0L . 0L . d oL
E(P[X]-X)_E<X-ﬁ>_X-ﬁJrX-Eﬁ_O (43)
ia_L:_Xa_L (44)
dt 9X X
X - PYX]=-X.PX] (45)

Bu ifadeyi denklem (42) ’yi agip yerine koyarsak.

L = X-P[X]+XP'X]+2X -P'[X] = X-P°[X]-X-P'[X]+2X-P'[X] = X-P’[X]+ X -P'[X]
(46)

Dolayisiyla
L=X-P[X]+X-PX] (47)

Bu Lagrangian (28) ’de yerine kondugunda goriildiigi tizere energy fonksiyonu Ep[X] = 0

olmaldair.

(40) ’deki ikinci ifadenin X e gore tirevini aldigimizda X e gore denklem sistemi elde ederiz.

0 olmayan ¢oziimlerin varligi 2. dereceden Lagrangian’in degenere olmasini ima eder.
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2 Hamiltonian Analysis of The Clement Lagrangian

2.1 Clement Lagrangian

m . - 2mA 2
LY[X] = —5()(2 S + 2

Recall that the Euler-Lagrange equations of the second order Lagrangians are given by the

X (X x X) (50)

equation (9). Let us compute the required partial derivates and their total time derivatives

which will assist us to reach the Euler-Lagrange equations of Clement Lagrangian.

OLC[X] - s
=AX x X 1
e = AKX X) (51)
d (OLY[X] . . .
— : =—-m(X+ A X)+AX x X 2
() = —meR 4 AGE X X) + A % ) (52)
d?> (OLC[X] . .
— - =Al (X xX X 53
dt2< % ) (( X X) + ><X)> (53)
By putting the equations we have calculated above into equation (9), we have the following
2
Euler-Lagrange equation for Clement Lagrangian.We start with setting A = 2< .
um

AX x X)+mlX —AX xX) —AX x X))+ AX x X) + AX x X)=0  (54)
AX x X)+mX +AX x X))+ AX x X))+ AX x X))+ AX x X)=0  (55)
m¢CX +3A(X x X) +2A(X x X)=0  (56)

MR s x X)+2AX xK)=0 (57
sz“X+3(XxX)+2(X><X):0 (58)

If we set the function ¢ equal to 1, the third order Euler-Lagrange equation becomes

2m?uX +3(X x X) +2(X x X) =0. (59)

In order to get the Lagrangian one-form of Clement Lagrangian, we begin with computing the
necessary partial derivates and their total time derivatives.

aL;E_X] = -—m(X + A(X x X) (60)
aL;EX] _A(X x X) (61)
d (OLC[X]\ ’
d—t( 3 )_A(XXX) (62)



By putting the equations we have calculated above into equation (18), we have

0rc[X] = (— m¢X + AX x X) — A(X x X)) CdX + AX x X)-dX (63)
— <mgX + 2A(X X)) CdX + AX x X)-dX (64)

. 2 . <2
—(m(X + u—m(X X X)) dX + 2 (X x X)-dX. (65)

If we substitute the equations (60), (61), and (62) with the guidance of the equation (28), we
have

C2

2um

ELC[X]ZX{—m§X+ (X x X)——( ¢ (XxX))FX(f (XxX))—LC[X]. (66)

dt \ 2um um
Now let us compute the term with total time derivative in the equation (66).

Since ¢ = ((t), we apply the product rule.

a/ ¢ 2¢ & (o :
E(Qum(X X)) QMW(X X)+2Mm ((XXX)—I—(XXX)) (67)
2¢¢ ¢?
= (X % X) + o (X % X) (68)
If we put the result in (68) into (66) we have
[ . C2 CC <2 . . CZ . c
X __mCX+2um(X X)_2,u—m<X X)— um(XXX)] +X(2um(XXX)) —LY[X] (69)
X _—mgXJr ¢ (XxX)—i(XxX) ¢ (X xX)} + ¢ X (X x X)—LC[X] (70)
i 2um 2um 2um 2um
. 3¢ . 2¢¢ c
X| = meX o s (X X) = e (X x X)] — LX) (71)
—m(X? + 3¢ (X x X) — LY[X] (72)
2um '
By replacing L¢[X] by the equation (50), we have
Erc[X] = —meAT | <5 (X x X). (73)

2 ¢ wm



2.2 Dirac-Bergmann Algorithm

Let us find the Jocabi-Ostrogradsky momenta with the guidance of the equations (19), (60),
(61),and (62).

PY[X] = —m(X + QZm (X x X) — %(zzm (X x X)) (74)
—mCX + 22; (X x X) — fjn (X x X) (75)

- —meX 4+ /f_m@ % X) (76)

PX] = 2/§m (X x X) (77)

So, the canonical Hamiltonian function for Clement Lagrangian takes the form

HC = P[X]- X + P'[X]- X - L° (78)
. 2, .. 2. . ) 2mA 2 . ..
:—m§X2+/f—mX~(X><X)+2’imX-(X><X)+%CX2+%— 2fmx-(){x)()

(79)

= —%CXQ + @ +PUX]- X (80)

=Tk @ L Px]- X (81)

But this is not our total hamiltonian. In order to construct total hamiltonian we shall apply

Dirac constraint analysis. The Ostrogradsky momenta P! lead to primary constraint.

2
=P - ¢ (X x X) (82)
2um
The consistency conditions say that.
={®H +U-®} ~0 (83)

In order to calculate above equation, we should see what is poisson bracket for our Darboux
coordinates (X, X, P° P1). @ is a vector whereas Hamiltonian is a scalar so we should fix i’th

component of ® and use levi-civita for cross product. For simplicity let H = H® + U - ®

0®* O0H B 0®* OH n 0®* OH B 0®* OH (84)
0XJ0P) OP)O0Xi  9XidP} 0P} 9Xi

i ={® HO+U &} =)
J



2

o' = p! — zumg"“X’“X’ (85)
gf; = —2/3—2m5ikl5ijz = —2ft—2m€z’jzXl (86)
g_g@ =X; (87)
So the firs term gives:
g;{:. gg = —2/€;€ikz5ijz = —QfL—ngij,Xle = —25; (X x X)=0 (88)

Since ® does not depend on P° explicitly, the second term is also 0. For the third term:

8@1 <2 CQ
— = ———e0u Xk = ———eiui X,
X 2Mm€zk15ﬂ k 2“m5zkj k (89)
oOH
—— = U; (90)
OP]
aq)i OH (2 C2 <2 C2
—— = ———i 0 X = — i XpU; = — XxU)= UxX 91
AP = e = e Xl = g (XX U) = U X) ()
And the last term: %
— =1 2
OH » 29 . » 29 .
5% m¢X’ + P 2 9 (emUiXp Xi) = m(X? + P, 2m 9 (Ui Xy X1)  (93)
When we sum it for all j instead of fixed.
. 0 CQ
=m(X + P’ — — X 4
m¢X + 2Hm(U x X) (94)
So the last term becomes
o®t OH - &
— = —m(X - P’ + >— X
3Pj1 FYZ m( + 2,um(U x X) (95)
When we sum for all components our poisson bracket becomes:
¢ ' ¢? - ¢
{®, H+U-®} = (UxX)=m(X P+ >—(UxX)=-m(X—-P'+=>-(UxX)=~0
2um 2um wm

(96)
Due to the degeneracy of the cross product, only two components of the Lagrange multipliers

U can be solved from these equations and a secondary constraint
d=m((X -X)+X P° (97)

10



arises.We add the secondary constraint to the Hamiltonian function and define the total
Hamiltonian as

HY=H°+U -®+U - (98)
Now, let us find consistency conditions by using the total Hamiltonian HS.

00 OHS 0® OHS 0d OHY 0 OHS

d=1d HE = Z— . _ . - . — - 99
@ Hr} =55 ap0 ~apn ax 0X OP'  OP' 99X (59)
Calculating term by term, we have:
od OHY ) )
—. = (m¢X + P (X - X 1
S S = (X + P (X +U - X) (100)
00 OHE e 4 P U — (X x U)] (101)
oP° 90X 2um
od OHY od OHS
— =m(X -U — —=0 102
ox opr - "N Y ok (102)
After using the equation (77) and arranging the terms we have:
d=X-B+U-A (103)
Here, we used the abbreviations
A=m(X +P' and B=m(X + P° (104)
Now let us compute ® by using HS
®={® HS}={® H +U -+ U-d} (105)
Since it is a linear operator
{®,HSY ={®, H +U - &} + {®, U- 9} (106)
Since we already calculated the first term, let us calculate the second one
- 0P OU-® 9P OU-® 0P OU-d  0POU- D
{209} =D s — 7 — e — (107)
- 0X7 IP; or; 0XJ 0Xi OP; oP; 9XJ
. CQ .
P = Pil - €ilele (108)
2um
0P* ¢? . ¢? ~ oUu-
- = ——— 0k X = ———¢€1X], — =X, 1
OX3 g MO T Ty SRl e = A (109)
So, we can write first term as
¢? -
— X xX 110
(X % X) (110)
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Since ® does not depend on P? and ® does not depend on P! second and third terms are zero.
So, last term can be written as

Pt oU- P
————=—(1) - m¢X 111
s R ORLS (111)
Finally we can arrange terms and write
2
&={® HSY=-m(X -P°+>-Ux X - UA (112)
um

Under the assumption of X? = 0, we solve the Lagrange multipliers U and U as follows First

to calculate Ulet us use & - X , which gives

mCX - X +P°- X = -—mX*%U (113)

—1 —1

U=—— X.-B=
mX?2( mX?2¢

o (114)

To calculate U we will use ® X A and solve equation system by using ® x A and $X

<1">><A—C%2(<I>X):A><B+—2(U><X)><A—UA><A——2((X-BX+(U-A)X)
Hm mp Hm
(115)
C3X2 B CQ .
- U——(B><A+M—m(X-B)X) (116)
B % ) .
BXA—mCB><X+2Mm[(B-X)X—(B-X)X] (117)
Since B + X = 0, we have
=3 . um
—QmCX2(B-X)X—C2X2(B><X) (118)

After substitution of the constraints ® and ®, and the Lagrange multipliers U and U into

implicit form of HY we write the total Hamiltonian as

c_lgx po__ 3 : LX) p 1 B. X)L (B.Xx)
Hf = ;X - P° 2m€X2(X PY)(B- X) C2X2P1 (B X X)t55(B - X)(X - X)= (B - X)
(119)

Using HS and canonical Poisson bracket 107 we can compute the Hamilton’s equations: (Using
the equality for B) (104) Only partial X remains

OX OHS  OHS

C\ _ v oY _
{X’HT}_XNaX oPY — QPO

(120)
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the term 5 CXQ (X - PY)X gives 0 since X - P! = 0 and also the term CXQ (B-X)? also vanishes
as B - X =0 so we are left with:
1 1 pmo,
Xr~-X4+ —X(X-X P x X 121
X+ XXX+ S X (121)
- . OXOHE
X, Hf} =X~ _—-—L 122
{X. 1) % 5P (122)
So we have: 5
. : pwm
X~—F%(B-X)X X xB 12
s (B X)X + S (0 B) (123)
: OP'OH OH OH 0B 0OH 0H
PLHSY = pra O O 9R9T 9 91, 124
W Er) 0P oX ~ ox 0Box  ox 0B 12y
. 1 pm? mG.
Pl~—ZP%— P'x X X-X 125
2 §X2( x X) — 2X2 X( ) (125)
for P OPYOH OH
0 Cy _ 50 ~ 2 T T8
{P Hp} =P P IX = "X (126)
Por—2  PUB-X)— — (X -X)B+ L ply p— 2P pl gy X)X (127)
29meX? 9X2 2X? Xt 2

It is easy to see that X ~ U From the equation of P° above, the article derives

C2
2mpu

PO = (X x X) (128)

(74) using the momenta definition for P° we take the derivative and use the above equation

Po X ¢ X x X ¢ X
= . . 12
mg +M (X x )+Mm(X>< ) (129)
CQ CQ C2 . .
—mCX+N—(X><X)+u—(X><X) 2W(XxX) (130)
.. 32 2
—mgx+2uC (X><X)+/f—m(X><X)_O (131)

multiplying both sides by 2”%“ and rearranging give (59) Euler Lagrange equation for the
Clement Lagrangian
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3 Hamiltonian Analysis of The Sarioglu-Tekin Lagran-

gian

3.1 Sarioglu-Tekin Lagrangian

1 ) . 2. .
LST[X,Y] = 3 aX?P+YH + Y X —m? (Y2 4+ X?) (132)
14
Let us compute the required partial derivates and their total time derivatives which we shall

use to reach the Euler-Lagrange equations of Sarioglu-Tekin Lagrangian.

OLST[X Y] ,

8LST[X, Y] B 9
4 w —aX (135)
dt 0X
d (M) P (136)
dt oY %
@ OLTIX Y] Y (137)
dt? 0X p

Since L57[X] does not have any term that include Y, it does not have a partial derivative with
respect to Y. We found that the Euler-Lagrange equations of second order Lagrangians are
given by the equation (9). By putting the equations we have calculated above into equation
(9), we have the following Euler-Lagrange equations for Sarioglu-Tekin Lagrangian.

X —aX + L =0 (138)
il
mQY—l—aY—i—%:O (139)

In order to get the Lagrangian one-form of Sarioglu-Tekin Lagrangian, we begin with computing

14



the necessary partial derivates and their total time derivatives.

OLST[X,Y]

. =aX (140)
0X
ST \
w =aY + { (141)
) K
ST y
oL X Y] _ Y (142)
0X K
ST ¥
4 (2T Y 1)
dt 0X K

By putting the equations we have calculated above into equation (18), we have

Orsr[X,Y] = (aX——) ‘dX—F(CLY—i-;)'dY-F—'dX. (144)
H H

Recall the energy of the system of second order Lagrangians is given by the equation (28).
By putting the equations (140), (141), (142), and (143) into the equation (28), we have the
following energy for Sarioglu-Tekin Lagrangian system.

: v\ v.X . ¢
Epsr[X,Y] =X - (aX — —> - ——1+Y. (aY—l— —) — LT[X,Y] (145)
I I I

=a(X?4+Y?) -
0

[X, Y] (146)

By substituting the equation (132) for L7 [X| Y] and rearranging, the expression becomes

XV RS b 2
Epsr[X,Y] = a(X2+ V%) - =~ — g(x2 FYY) -y %(W + X2 (147)
p p
@, o o 1 . .. .. . m2 9 9
:§(X +Y)—;(X'Y+X~Y)+7(Y + X*) (148)

What we have found here is quiet different from the article. Hence, we have to spend more
time on it.
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3.2 Dirac-Bergmann Algorithm

Let us find the Jocabi-Ostrogradsky momenta with the guidance of the equations (19), (141),
(141), (142), and (143).

.Y
Py =aX — — (149)
!
X
P) =aY + — (150)
K
Y
Py == 151
X = (151)
Py =0 (152)

And the corresponding canonical Hamiltonian function for Sarioglu-Tekin Lagrangian is

HT =Py - X+PY-Y+Py-X+P-Y - L (153)
. . Xy o X.v  m2
:P§.X+P,9-Y+——%(X2+Y2)——+%(Y2+X2) (154)
[ [
0 v 0 v %o y2 m? 2
=Py X+ P2 Y — (X2 4+ Y) + (VP + XF) (155)

The expressions of momenta in the equations (149) and (150) enable us to solve 2 second
derivatives.
Y = paX = PY), X =pu(Py —aY) (156)

Furthermore, the equations (151) and (152) imply the set of primary constraints.

1.
@:P)l(—;YzO,\Il:P}zO (157)

Let us then introduce total Hamiltonian H2T as the sum of HT the Eq.(155) and the primary
constraint in the Eq.(157).

HY'=HT"+U - ®+V - ¥ (158)
Where U and V are Lagrange multipliers. The consistency conditions occasion determination
of the Lagrange multipliers

V =p(aX — PR), U= Py —aY) (159)
without implying any new constraint.
: Y
U-¢:u<P8—aY> - (P}(——) (160)
o
= uPY . Py —PY-Y —auY Pk +aY? (161)
V. W =p(aX - PY) P} (162)
= paX - Py — uPy - P} (163)

16



By substituting U-® in Eq.(161), V- W in Eq.(163), and H°T in Eq.(155) into H2T in Eq.(158),
we obtain the total Hamiltonian function of Dirac

. . . . 2
HgﬁT:P)O(OX+P{3~Y—g(X2+Y2)+m7(Y2+X2) (164)
+ uPY - Py — P2 Y —auY Py + aY? (165)
+ paX - P — pPY - P} (166)

. . . . . 2
:N(Pig'P)lg_P)O('P;)+GM(X-P;—YP)1()+P)O(-X_g(XQ_Y2)+m7(Y2+X2).

(167)
In order to obtain Hamilton’s equations, let us compute the required partial derivatives in
advance.
ouU - -
% =puPy —Y (168)
)%
av -
A (169)
X
oOHST .
—— =Y (170)
oP?
aHST .
—— =X (171)
OPY

OHPT  OHST N (U - ®) N oV - )
oPY — OPY OPY oPY
OHZT  OHST 9U-®) OV -¥)

9Py~ 9PY T apy T ope (173)

(172)

Now, we can obtain the partial derivatives of H2T with respect to PY and P{ by substituting
the partial derivatives we computed above into the Eq.(172) and Eq.(173). So we have,

8HST

apfe = puPy (174)
aHST .

opy =X —#Fy (175)

For the base variables (X, Y, X , Y), the equations of motion governed by the total Hamiltonian
function H2T are

Y = paX — pPY% (176)
X = puPY — apyY (177)
Y ={Y, H3"} (178)
X = {X, H"} (179)
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where we used the equations in (156) to obtain Eq.(176) and Eq.(177). Now, let us take Eq.(178)
and Eq.(179) into consideration.

Y ={Y, H5"} (180)

_ Oy 9HFT oY 8H£T+a_y OHP" oY  9HFT
9y 9Py oPY oY gy 0P,  OP, 9y

(181)

It can be obviously seen that only the first term remains in Eq.(181) (This argument also holds
for Eq.(184)). So we have

Y = uPi (182)
by substituting Eq.(174).

X ={X,H"} (183)
90X oHPT 09X OHPT 90X OHPT 90X OHPT

- - : . - 184
oX 9Py _9PY oX ax oPL oPL ax (184)
By substituting Eq.(175), we have

X =X —pupPL. (185)

For momenta (PY, P2, Py, Py), the equations of motion are the following.
Py = {Py. 17"} (156)
Py = (P, H'} (187)
Py = {Py. 17"} (188)
Py ={P} Hp"} (189)

Before computing the Poisson brackets above one by one, let us first determine the partial
derivatives of H2T, which will assist us during calculation. We have the equations

aé{;iT =m?*X (190)
855 =m?Y (191)
88H_;§T = —aX + Py + auPy (192)
agf = aY — apPy (193)

18



by using the Eq.(167). So we have the equations of motion

Py = {PY, HT}
0Py OHZT  0oPY OHFT

T 9X  0PY  0PY 0X
= -—m?X
P = {1}
_oPy oHJT 9Py oHST
8y oPY 9Py oY
= -—m?Y
Py = (P}, H7'}
OPy OHFT 9P OHFT

9X OPL OP% 09X
=aX — PY — apP}
Pl = {P}, H7"}
_OPy 9Hp" oR) OHPT
oy 0P 0P, 9y
= —aY + ap Py

where we used the equations (190), (191), (192), and (193).

3.3 Dirac-Poisson Bracket
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(194)
(195)

(196)
(197)

(198)

(199)
(200)

(201)

(202)
(203)

(204)

(205)
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